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In the present contribution, the relationship between the fatigue life of styrene-butadiene rubber (SBR)
and the stretch amplitude was established. Focusing on the multiaxial loading effect on the life duration
of SBR, experimental tests were conducted using cylindrical specimens subjected to tension and torsion
loadings under constant and variable amplitudes. Based upon the continuum damage mechanics
approach, a three-dimensional model was derived and coupled with the cracking energy density criterion
to predict the fatigue life of SBR. The capabilities of the model, which requires only three damage param-
eters to be identiﬁed, were analysed and a good agreement between predicted values and experimental
data were clearly highlighted for tension and torsion loadings both in constant and variable amplitudes.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Elastomeric materials are used in industrial applications such as
tires, hoses, dampers for the automotive/aircraft industry. These
applications require a good performance under static loading and
durability under cyclic loading. Rubber components of mechanical
structures could be subjected to variable loads leading to fatigue
fracture. Early in the product development process, engineers need
simulation software capable of predicting stress and strain histo-
ries in the purpose of modelling and designing for mechanical fati-
gue. Therefore, understanding the damaging processes and
predicting the life duration under multiaxial loading is a primary
consideration for industrial design.
In a very useful background paper, Mars and Fatemi (2002) have
widely reported the main approaches used to describe the fatigue
of rubbers. As for most of materials, the fracture of rubbers under
fatigue loading conditions could be described by two main mech-
anisms: nucleation of defects and propagation until complete fail-
ure of nucleated cracks. In the fatigue life duration of a rubber
component, the time required to nucleate a defect of a given size
and that necessary to propagate a defect until complete fracture
depend on many parameters such as the geometry of the rubber
specimen, the loading conditions, etc. So, generally, these twoll rights reserved.
ce, F-59000 Lille, France. Tel.:
-lille.fr (M. Naït-Abdelaziz),stages in fatigue investigation are often separately studied,
although some authors have tried to give a uniﬁed approach but
based on crack propagation.
Concerning the fatigue crack propagation, the fatigue life is de-
ﬁned as the number of cycles required by a pre-existing crack to
grow until fracture. The strain energy release rate early introduced
by Grifﬁth (1920) and extended by Rivlin and Thomas (1953) to
fracture of rubbers is generally used as a governing parameter to
describe the crack growth and to build empirical laws (as that
developed by Paris for metals but using the stress intensity factor).
When dealing with the crack nucleation, the fatigue life is gen-
erally taken as the number of cycles required to create a crack of a
given size. It is often related to macroscopic mechanical quantities
(such as stresses or strains) which are taken as indicators of fatigue
loadings. Following the pioneering work of Wöhler (1867) for
steels, Cadwell et al. (1940) extended this kind of approach to rub-
ber components. The three most widely used predictor parameters
for rubber fatigue are: (i) the maximum principal strain, (ii) the
maximum principal Cauchy stress and (iii) the strain energy den-
sity (SED). More recently, (iv) the cracking energy density (CED)
criterion proposed by Mars (2001, 2002) and (v) the criterion based
on the conﬁgurational mechanics (Eshelby, 1951) – the Eshelby
stress tensor – proposed by Verron and Andriyana (2008) consti-
tute more elaborated approaches to investigate fatigue of elasto-
meric-like materials.
In the remainder of the introduction, literature results regarding
these predictor parameters are brieﬂy summarized.
Nomenclature
Nf number of cycles to failure
Ni number of cycles performed for block i
x, xi frequency, frequency for block i
d, dmax, dmin axial displacement, maximum, minimum
h, hmax, hmin twist angle, maximum, minimum
HL d for block i is higher than block i + 1
LH d for block i is lower than block i + 1
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The maximum tensile strain generally governs the crack nucle-
ation which occurs in a perpendicular plane to its direction. The
ﬁrst fatigue life studies in rubber noticed that it is possible to de-
velop an empirical criterion based on the description of the num-
ber of cycles until failure as a function of alternation strain and
minimum strain. Cadwell et al. (1940) and Fielding (1943) high-
lighted that the fatigue life of a natural rubber (NR), under axial
and shear tests, could be improved by increasing the minimum
stretch. The fatigue life under simple and equibiaxial tension tests
was investigated, more recently, by Roberts and Benzies (1977)
and Roach (1982). It was observed that the fatigue life was longer
in simple tension than in equibiaxial tension tests when plotted
against the maximum strain ratio. Ro (1989) re-analysed the data
of these latest studies and concluded that the strain is not an opti-
mal parameter for unifying simple and equibiaxial tension tests.
1.2. Maximum principal Cauchy stress
Some authors have proposed to link the fatigue life of elasto-
meric-like materials to the maximum principal Cauchy stress
(André et al., 1999; Abraham et al., 2005; Saintier et al., 2006).
Especially, André et al. (1999) pointed out that the maximum prin-
cipal Cauchy stress could be taken as an indicator of fatigue and
showed that the cracks orientation is perpendicular to its direction.
1.3. Strain energy density
The development of the nucleation life approach in elastomeric-
like materials was motivated by the success of fracture mechanics
in the 1960s. Especially, the SED started to be used as a predictor
parameter for fatigue crack nucleation. Gent et al. (1964), Lee
and Moet (1993) and Aı¨t-Hocine et al. (1998) found that, under
certain conditions, the energy release rate is proportional to the
SED and could be written in a multiplicative form of the SED and
the crack size. However, it was shown by Roberts and Benzies
(1977) and Roach (1982) that the SED could not unify Wöhler
curves for uniaxial and equibiaxial tension tests while Ro (1989)
and Abraham et al. (2005) found that the SED is a better predictor
than those previously described. Whatever its capability as an indi-
cator of fatigue damage, the main drawback of the SED is its inef-
ﬁciency to predict the crack nucleation plane.
1.4. Cracking energy density
Assuming that only a certain part of the SED is available for ﬂaw
growth,Mars (2001, 2002) introduced the CEDWc as a candidate for
predicting both nucleation and crack orientation. Using the inﬁni-
tesimal strain framework, Mars (2001, 2002) developed this quan-
tity by introducing the increment of energy available to be
released on a given material plane of normal vector r. This latter is
deﬁned as the dot product of the Cauchy traction vector rr (r being
the Cauchy stress tensor) with the increment of strain de in the r-
direction. The increment of CED is given by (Mars, 2001, 2002):
dWc = (rr)(der) = rrder. The material critical plane depicted by its
normal r which maximizes the CED at a given point is supposed tobe the most probable plane where the crack can occur for a given
loading. Mars (2001, 2002) extended the previous expression to ﬁ-
nite strains but the proposed formulation is questionable since the
deﬁnition of the normal vector was not completely clariﬁed (Zine,
2006; Zine et al., 2006).
1.5. Eshelby stress tensor
It was in the pioneeringwork of Eshelby (1951)where the theory
of conﬁgurationalmechanicswasﬁrst introduced and the concept of
the energy–momentum tensor and conﬁgurational forces in contin-
uum mechanics ﬁrst developed. In particular, the J integral (Rice,
1968), often used as a governing parameter in nonlinear fracture
mechanics, was derived from this concept. This theory was then ex-
tended to ﬁnite strains by Chadwick (1975). Maugin (1993) consid-
ered that conﬁgurational mechanics as an extension of the
continuummechanics and named it the eshelbian mechanics. Most
of theworks focus on the application of the conﬁgurationalmechan-
ics to fracturemechanics. Few studieswere interested into the prop-
erties of the conﬁgurational stress tensor.Motivated bymicroscopic
mechanisms induced by fatigue, Verron and Andriyana (2008) pro-
posedacriterion for the cracknucleationprediction in rubbersbased
on the conﬁgurational mechanics.
1.6. Damage accumulation rules
The fatigue life prediction can be therefore approached by using
a mechanical quantity as a predictor (like those above described).
This kind of approach works more or less especially when focusing
on fatigue life of rubbers under constant amplitude loading condi-
tions. When dealing with variable loading a damage rule is re-
quired (Miner, 1945).
In this case, the rules are generally based on experimental results
obtained for speciﬁc loading cases and materials. Because simple,
since it is a linear law, the Miner rule (Miner, 1945) is widely used.
This rule implies, in the case of variable loadings, that the order in
which loads are applied is not signiﬁcant. Klenke and Beste (1987)
were the ﬁrst to apply theMiner rule to predict fatigue life involving
rubbers. Sun et al. (2000) found that theMiner rule was not applica-
ble under multilevel loadings. Most recently, Harbour et al. (2008)
investigated the effect of variable amplitude loading conditions on
the fatigue life ofmultiaxial rubber specimens, using theMiner rule,
for two types of materials (NR and SBR). They found that the Miner
rule predicts reasonably well the fatigue life duration of NR under
variable amplitude loadings. On the contrary, it was not able to pre-
dict the fatigue life duration of SBR under the same loading
conditions.
Another way is to calculate the damage accumulation cycle by
cycle using the continuum damage mechanics (CDM) concept cou-
pled with a fatigue predictor. Originally, the theory of continuum
damage was introduced by Kachanov (1958) to explain the process
of continuous deterioration ofmaterials subjected to creep. The suc-
cess of this creep damage modelling has prompted its extension to
fatigue damage. Later, several contributions used the CDMapproach
to predict the fatigue damage life of materials (Lemaitre and
Chaboche, 1994). The CDM theory was recently applied to NR by
Wang et al. (2002) to describe the fatigue life as a function of the
20
R42
Fig. 1. Geometry and dimension of the sample.
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der Ogden SED (Ogden, 1972) and analytically developed by only
considering tensile cyclic loading under constant stretch amplitude.
Ayoub et al. (2010) recently improved the CDMmodel ofWang et al.
(2002) by adopting a generalized form of the Ogden SED, in one
hand, and by achieving the theoretical developments under multi-
axial loading, in another hand. The purpose of the present contribu-
tion is to improve the capabilities of the model.
1.7. Scope of the present work
Using the CDM framework our purpose is to develop a new tool
able to predict the fatigue life of rubbers under multiaxial and mul-
tilevel loading. For this purpose,wewill incorporate theMars (2001,
2002) CED in the CDM theory written in a general form. The outline
of the present paper is as follows. Section 2 is devoted to the exper-
imental investigation we have achieved on a representative elasto-
meric-like material (styrene-butadiene rubber – SBR). In Section 3,
the developed three-dimensional CDM criterion is fully described
and exercised on the experiments. Section 4 presents an improve-
ment of the CDMmodel by combining it to the CED criterion. The re-
quired damage parameters were identiﬁed on the tensile fatigue
tests and then thenewmodelwas validatedby comparing its predic-
tionwith the experimental data corresponding tomultiaxial loading
under constant and variable amplitudes. Finally, remarks and con-
clusions are given in Section 6.
2. Experiments
2.1. Material and specimen
Thematerial under investigation is a sulfur-vulcanized SBR ﬁlled
with 34 phr of carbon black. The specimens were supplied by the
Trelleborg Group. The material formulation provided by the manu-
facturer is given in Table 1. The main specimen geometric features
are given in Fig. 1. The specimens are axisymmetric and the predom-
inant fatigue crack is initiated in the mid-plane in which the local
deformation state is the highest. Obviously, the specimen curvature
radius is large enough to minimize the stress triaxiality effects (Aït-
Hocine et al., 2011).
Dynamic fatigue tests were run on a traction-torsion Instron-
8874 servo hydraulic testing device, at room temperature under
low frequencies from 3 up to 5 Hz. The cyclic loading mode was
based upon a sine wave function. Displacement (or angle) and force
data as functions of the time were recorded in a computer. All tests
were achieved under controlled displacement (or angle), the ampli-
tudesofwhichwere selected inorder to cover awide rangeof fatigue
lives.
2.2. Scheme of experimental fatigue tests and results
Both constant and variable amplitude signals were used with
the multiaxial cylindrical samples. Various types of tests areTable 1
Material formulation of SBR. All the ingredients are in
phr (parts per hundred rubber).
Ingredients Value
SBR 100
Zinc oxide 10
Processing oil 0
Carbon black 34
Sulfur 3
Stearic acid 3
Antioxidant 5
Accelerators 4.3graphically described in Fig. 2 where h represents the torsion angle
and d the axial elongation. The tests A to C were achieved under a
constant amplitude condition under tension, torsion or combined
tension–torsion loadings until fatigue failure. Test A is a pure ten-
sion test with a minimum axial displacement of zero. Test B is a
torsion test with a minimum twist angle of zero. Test C is a propor-
tional loading path in which the axial displacement and the twist
angle in phase starting both from zero. Test D is a variable ampli-
tude signal consisting of a combination of constant amplitude
loadings: two blocks with different maximum strain levels under
axial loading. Tests conditions and cycle number until failure for
load tests described in Fig. 2 are shown in Table 2 for the tests A,
B and C and in Table 3 for variable amplitude tests D.
The number of cycles to failure remains quite difﬁcult to esti-
mate. When cracks nucleate on the free surface, it is reasonable
to take the fatigue life as the number of cycles corresponding to
a crack length of 1 mm.
The evolution of the maximum axial load and torque with the
cycle number is presented in Fig. 3. It can be observed that under
constant displacement amplitude, the stress level decreases of
about 50% after a short time, then it remains quite constant until
the onset of crack nucleation. For the torsion test, the stress soften-
ing is more continuous until the complete failure. It was observed
that the magnitude of the stress softening depends on the maxi-
mum applied displacement (or angle). The stress softening phe-
nomenon within the ﬁrst cycles may be associated with the
rearrangement of the chains network (Ayoub et al., 2011) due to
chains and links breakage.
3. A CDM model for the fatigue life prediction: formulation and
results
In order to predict the fatigue life of SBR a CDM model based
upon the effective stress concept introduced by Lemaitre and
Chaboche (1994) is developed in this section. The proposed dam-
age mechanics model is an extension for any kind of loading of that
proposed by Wang et al. (2002).
Fig. 2. Graphical description of various types of tests.
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The rubber material is assumed as an isotropic, homogeneous,
incompressible and hyperelastic body. The model developed in this
paper is based on the general damage mechanics framework for
the hyperelasticity theory.
During the fatigue process, the initiation and propagation of
microcracks occur through a continuous evolution of the damage.
In the CDM approach, the main assumption is that, due to these
microcracks, the net section contributing to the load transfer in a
specimen or in a structure decreases with damage (Lemaitre and
Chaboche, 1994). Using the effective stress concept in terms of sec-
ond Piola–Kirchhoff principal stresses, the effective principal stres-
ses eSi are related to the principal stresses Si by:
eSi ¼ Sið1 DÞ 1 6 i 6 3 ð1Þ
where D is a scalar deﬁning the isotropic damage evolution and
could be related to the evolution of the net section. The damage var-
iable D is zero in the initial state (virgin material) and 1 for fracture
(when a macroscopic crack is initiated).
In the isotropic damage mechanics framework, the damage
kinetics is expressed as:
_D ¼  @u

@y
ð2Þ
in which y is the damage strain energy release rate andu⁄ is the dis-
sipation potential which can take the following form:
u ¼ A
aþ 1
y
A
 aþ1
ð3Þ
where a and A are two damage parameters.Elastomeric-like materials are generally described by hyper-
elastic laws derived from SED functions. The hyperelasticity theory
has been addressed by numerous authors (see e.g. (Dorfmann and
Muhr, 1999; Boyce and Arruda, 2000) for reviews and extensive
discussions of constitutive models derived from this theory). The
general formulation of the Ogden SED is employed in this paper
to derive the damage strain energy release rate. The Ogden SED
of an undamaged material, a function of the principal stretches
k1, k2 and k3, is expressed as follows (Ogden, 1972):
W ¼
Xn
i¼1
li
ai
kai1 þ kai2 þ kai3  3
 þ 9
2
KðJ1=3  1Þ2 ð4Þ
where li and ai are material parameters. l ¼
Pn
i¼1li is the shear
modulus, K is the bulk modulus and J = k1k2k3 is the Jacobian, equal
to 1 for incompressible materials.
The damage strain energy release rate y is deﬁned as:
y ¼ @W
@D
ð5Þ
in which W is the SED function of the damaged material.
Because the SED functionW of a damaged material is a function
of the effective principal stresses eSi, the damage strain energy re-
lease rate y can be written in the following form:
y ¼ @Wð
eSiÞ
@D
¼ @W
@k1
@k1ðeSiÞ
@D
þ @W
@k2
@k2ðeSiÞ
@D
þ @W
@k3
@k3ðeSiÞ
@D
ð6Þ
Differentiating of eSi in Eq. (1) with respect to the damage variable D
leads to:
@kiðeSiÞ
@D
¼
eSi
ð1 DÞ @eSi
@ki
1 6 i 6 3 ð7Þ
Table 2
Fatigue life results of constant amplitude tests.
Test code x (Hz) dmax(mm) dmin(mm) hmax) hmin) Nf
A 5 5.6 0.0 0.0 0.0 3000000
A 5 7 0.0 0.0 0.0 500000
A 5 8.4 0.0 0.0 0.0 160000
A 5 9.8 0.0 0.0 0.0 24000
A 5 11.2 0.0 0.0 0.0 19200
A 5 12.6 0.0 0.0 0.0 12564
A 5 14 0.0 0.0 0.0 6000
A 5 15.4 0.0 0.0 0.0 4300
A 5 16.8 0.0 0.0 0.0 3050
A 5 18.2 0.0 0.0 0.0 2200
A 5 19.6 0.0 0.0 0.0 1800
A 5 21 0.0 0.0 0.0 1350
A 5 22.4 0.0 0.0 0.0 1050
A 5 23.8 0.0 0.0 0.0 900
A 5 25.2 0.0 0.0 0.0 800
A 5 26.6 0.0 0.0 0.0 650
A 5 28 0.0 0.0 0.0 560
B 3 0.0 0.0 100 0.0 1100000
B 3 0.0 0.0 105 0.0 1000000
B 3 0.0 0.0 110 0.0 680000
B 3 0.0 0.0 115 0.0 400000
B 3 0.0 0.0 120 0.0 280000
B 3 0.0 0.0 125 0.0 200000
B 3 0.0 0.0 130 0.0 130000
B 3 0.0 0.0 135 0.0 100000
B 3 0.0 0.0 140 0.0 79000
B 3 0.0 0.0 145 0.0 68000
C 5 5.6 0.0 50 0.0 600000
C 5 8.4 0.0 50 0.0 60000
C 5 9.8 0.0 50 0.0 15000
C 5 14 0.0 50 0.0 4200
C 5 16.8 0.0 50 0.0 1776
C 5 19.6 0.0 50 0.0 1200
C 5 25.2 0.0 50 0.0 650
C 5 5.6 0.0 100 0.0 40000
C 5 9.8 0.0 100 0.0 10000
C 5 14 0.0 100 0.0 3080
C 5 16.8 0.0 100 0.0 1413
C 5 19.6 0.0 100 0.0 850
C 5 25.2 0.0 100 0.0 500
Table 3
Fatigue life results of variable amplitude tests (Nf = N1 + N2).
Block 1 Block 2
Test code x1 (Hz) dmax(mm) N1 x2 (Hz) dmax(mm) N2
D1 LH 5 7 200000 5 11.2 11000
D1 LH 5 7 200000 5 8.4 82500
D2 HL 5 8.4 80000 5 7 118470
D2 LH 5 8.4 80000 5 11.2 10011
D2 LH 5 8.4 80000 5 14 3760
D3 HL 5 14 3250 5 7 100010
D3 HL 5 14 3250 5 11.2 15213
D3 LH 5 14 3250 5 16.8 950
D3 LH 5 14 3250 5 19.6 550
D3 LH 5 14 3250 5 22.4 450
D4 HL 5 16.8 1525 5 11.2 5000
D4 HL 5 16.8 1525 5 14 1070
D4 LH 5 16.8 1525 5 22.4 290
D5 HL 5 19.6 800 5 14 2875
D6 HL 5 22.4 525 5 11.2 13103
D6 HL 5 22.4 525 5 15 2140
D6 HL 5 22.4 525 5 16.8 1300
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Fig. 3. Maximum load evolution under tension and torsion fatigue tests.
1 In the incompressible case, this term is introduced in the components of the
stress. For example, the second Piola–Kirchhoff stress components in the principal
directions are related to the SED in the following form: Si ¼ 1ki @W@ki  p 1k2i 1 6 i 6 3.
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deﬁned as:
y ¼ Seq
1 D ð8Þ
in which the term Seq is an equivalent quantity of a stress:Seq ¼
X3
i¼1
eSi
@eSi
@ki
@W
@ki
¼
X3
i¼1
Pn
j¼1ljk
aj2
i þ pk2i
  Pn
j¼1ljk
aj1
i þ pk1i
 
Pn
j¼1ljðaj  2Þk
aj3
i þ @p@ki k
2
i  2pk3i
  ð9Þ
where p is the hydrostatic pressure1 which must be determined
from the boundary conditions.
Combining Eqs. (2), (3) and (8), the damage kinetics can be ex-
pressed as follows:
_D ¼ Seq
Að1 DÞ
 a
ð10Þ
Under a cyclic loading condition, the damage rate could be linked to
the number of cycles N and written as follows:
@D
@N
¼ Seq
Að1 DÞ
 a
ð11Þ
The damage variable D is zero for the virgin material i.e. D = D0 = 0
when N = N0 = 0. Integration of Eq. (11) gives the current damage
value at the considered cycle:Z D
D0¼0
ð1 DÞadD ¼
Z N
N0¼0
Seq
A
 a
dN ð12Þ
Therefore, the induced damage D due to N cycles is given by:
D ¼ 1 1 ð1þ aÞ Seq
A
 a
N
 	 1
1þa
ð13Þ
The evolution of the damage variable D as a function of the normal-
ized fatigue life N/Nf is shown in Fig. 4. The fatigue life correspond-
ing to damage reaching its maximum value 1, D = Df = 1 and N = Nf
can be expressed in the following form:
Nf ¼ A
a
1þ a S
a
eq ð14Þ
The identiﬁcation of the damage parameters a and A of the CDM
model for fatigue life prediction is allowed by linearization of Eq.
(14):
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Fig. 6. Fatigue life of SBR in terms of the equivalent stress calculated using Eq. (9).
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a
1þ a
 
ð15Þ
In the case of variable amplitude loading conditions, the damage
variable Di at a given sequence i can be expressed using Eq. (13)
written in the following manner:
Di ¼ 1 ð1 Di1Þ1þa  ð1þ aÞ SeqA
 a
Ni
 	 1
1þa
ð16Þ
For n blocks at different successive amplitude loadings, the fatigue
life Nf = Nn can be extracted from the following general equation:Z Df¼1
D0¼0
ð1 DÞadD ¼
Xn1
i¼0
Z Niþ1
Ni
Seqðiþ1Þ
A
 a
dN ð17Þ3.2. Comparison between model and experimental results
In this subsection, our experimental results are compared to the
predictions given by the above-described model.
The intrinsic constitutive response of the SBR material during
monotonic (tension and torsion) loading was experimentally
determined and captured by the Ogden constitutive model. It is
worth noticing that the so-called Mullins effect (stress-softening
after one cyclic loading) was neglected. To this end, each sample
was loaded until the maximum stretch amplitude encountered
by the material during the fatigue loading, and the resulting
sample was considered as the virgin material. It is found that a sec-
ond-order Ogden expression adequately reproduces the response0
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Fig. 5. Comparison between monotonic experimental data and Ogden moduring both tension/compression and torsion tests of the studied
SBR material (see Fig. 5). The material constant values determined
from experiments are: l1 = 5.25 MPa, l2 = 1.52  102 MPa,
a1 = 2.14  101 and a2 = 4.06. Note that the difference in the
material constant values of this phenomenological model between
Ayoub et al. (2010) and the present paper is due to the compres-
sion path which was added in the identiﬁcation procedure.
The two damage parameters a and A are identiﬁed by using the
least square method applied to Eq. (14). The tensile fatigue tests
are used as the reference to determine these two parameters
(a = 2.68 and A = 13.12 MPa). The fatigue life is then plotted in
Fig. 6 as a function of the equivalent stress deﬁned by Eq. (9). This
ﬁgure clearly shows that the SED could not be taken as a fatigue
indicator since it could not unify the experimental data corre-
sponding to tension (A) and torsion (B) tests.
4. An improved CDM model for the fatigue life prediction
If referring to the fracture mechanics approaches, under uniax-
ial loading, the energy released due to crack propagation is propor-
tional to the SED. More generally, in the case of multiaxial loading
only a part of the SED contributes in the initiation mechanisms of a
crack. Mars (2001, 2002) proposed a continuum mechanical
parameter (see Appendix A for the details) – the CED parameter
– providing the determination of the energy portion that contrib-
utes to damage the material under multiaxial fatigue. The incre-
ment of total SED dW can be thus additively split into a part that
does not contribute to cracking dWnc and the increment of CED
dWc:0
0.2
0.4
0.6
0.8
1
0 0.5 1 1.5 2 2.5
Twist angle (rad)
To
rq
ue
 (N
.m
)
Experimental data
Numerical identification
del simulation for (a) uniaxial tension and (b) pure torsion loadings.
1.E+02
1.E+03
1.E+04
1.E+05
1.E+06
1.E-01 1.E+00
Equivalent stress (MPa) 
Cy
cl
e 
to
 fa
ilu
re
 
Test A
Test B
Eq. (14)
Fig. 7. Fatigue life of SBR in terms of the equivalent stress calculated using Eq. (20).
2464 G. Ayoub et al. / International Journal of Solids and Structures 48 (2011) 2458–2466dW ¼ dWc þ dWnc ð18Þ
The expressions under ﬁnite strains of the increments of SED dW
and CED dWc are recalled in Eqs. (A.1) and (A.2) of Appendix A.
The most probable plane where the cracking occurs corresponds
to the material plane which maximizes the CED at a given point.
Note that for a pure tension loading, the ratio Wc/W tends to one
(Zine et al., 2006), in other words for this speciﬁc case all the SED
contributes to cracking process.
Using the same framework than that used in Section 3.1 we pro-
pose to consider only the contribution of the CED to develop the
multiaxial fatigue predictor. It is assumed that the CED Wc is a
function of the effective principal stresses eSi. Therefore, the dam-
age strain energy release rate y is deﬁned as:
y ¼ @Wcð
eSiÞ
@D
¼ @Wc
@k1
@k1ðeSiÞ
@D
þ @Wc
@k2
@k2ðeSiÞ
@D
þ @Wc
@k3
@k3ðeSiÞ
@D
ð19Þ
where @kiðeSiÞ=@D 1 6 i 6 3 are given by Eq. (7) and @Wc/@
ki 1 6 i 6 3 are given by Eq. (A.7) of Appendix A.
A new formulation of the equivalent stress is thus provided:
Seq ¼ 1ðcos2 hþ B2 sin2 hÞ
S21k1 cos
2 h
@S1=@k1
þ S
2
2Bk1 sin
2 h
@S2=@k2
þS3S2B
3k41 sin
2 h
@S3=@k3
 !
ð20Þ
where h is the crack orientation angle.
Note that the number of cycles to failure keeps the same form as
in Section 3.1, see Eqs. (14) and (15).
The developed model was implemented into the commercial ﬁ-
nite element (FE) code MSC.Marc via a subroutine to simulate rub-
ber structures subjected to multiaxial loadings. For each
increment, the subroutine is applied at every material integration
point of each element. The angle of the virtual crack h, used to com-
pute the CED at each increment, is calculated by sweeping h be-
tween 0 and 180 and keeping the h value which maximizes the
CED. The fatigue predictor given by Eq. (20) is extracted in the re-
gion of the specimen where it is maximal. It was observed that the
maximum value is located in the smallest cross-section and that
whatever the kind of loading. The maximum equivalent stress is
then used to compute the fatigue life by using the formula (14).
The aim of the following section is to demonstrate that the pro-
posed model is an efﬁcient tool to predict the high-cycle fatigue life
of SBR.
5. Results and discussion
Fatigue life is plotted in Fig. 7 as a function of the new equiva-
lent stress deﬁned by Eq. (20). The damage parameters a and A of
Eq. (14) are identiﬁed in the same manner than that described in
Section 3.2 by using the tensile fatigue tests. The least square
method presented in Fig. 7 using Eq. (14) gives the following values
for the damage parameters: a = 4.15 and A = 6.22 MPa. It is clearly
highlighted that using the new equivalent stress as a fatigue
parameter the model is able to unify the experimental data ob-
tained under different loading paths. By using the damage param-
eters a and A derived from tensile tests, the predicted values of the
fatigue life are slightly underestimated in the case of torsion tests.
In this case, the experimental values of the number of cycles to fail-
ure perhaps suffer of a lack of accuracy. Indeed, the fatigue life is
assumed to be the value when the initiated crack reaches 1 mm.
The measurement of the crack length, operated in a visual manner,
is not sufﬁciently accurate and some kind of discrepancy could be
therefore generated that involves a scattering in the corresponding
fatigue life values. Moreover, under torsion the crack propagation
velocity is relatively small, so we can conclude that a small incre-
ment in crack length corresponds to a large increase of the numberof cycles. It should be noticed that for some tested samples, the
crack was superior to 1 mm before the test was stopped and it
was referred to the global axial or torque responses to correct
the cycle number. Another source of scattering could be due to
self-heating generally observed when dealing with fatigue of rub-
bers and which was completely neglected in the proposed
developments.
Beyond all the above-mentioned reasons to explain the scatter-
ing, there is another one which could be easily accounted for in the
model. Indeed, one could introduce a threshold value of the equiv-
alent stress corresponding to the endurance limit for the material.
This modiﬁcation is introduced by adding a threshold damage
strain energy release rate yth in the dissipation potential u⁄ given
by Eq. (3). The term yth is written in the same way as the damage
strain energy release rate y. A new formulation of the dissipation
potential u⁄ is then provided:
u ¼ A
aþ 1
yþ yth
A
 aþ1
ð21Þ
The fatigue life is therefore rewritten as follows:
Nf ¼ A
a
1þ a ðSeq  SthÞ
a ð22Þ
where Seq is the equivalent stress given by Eq. (20), Sth is a threshold
corresponding to the equivalent stress value below which the life-
time is theoretically unlimited, a and A as already mentioned are fa-
tigue parameters identiﬁed from tensile fatigue tests (a = 3.33 and
A = 9.08 MPa). In this work, Sth was experimentally estimated from
a uniaxial tension fatigue test. Under a stretch amplitude of
k1 = 1.18, no crack nucleation have been observed after cycling up
to 5.106 cycles. This stretch value is supposed to be the endurance
limit and used to calculate Sth. The fatigue life is plotted as a func-
tion of Seq  Sth in Fig. 8. It is clearly shown that introducing a
threshold improves the predictive capability of the model.
Using these identiﬁed values Fig. 9 presents a comparison be-
tween the predictions of the proposed model and the experimental
fatigue life data under constant amplitude loading conditions cor-
responding to tests A, B and C. The data are plotted in a diagram
with the experimental fatigue life as ordinate and the predicted life
as abscissa. The data are arranged around the median line proving
the validity of our model.
Moreover, in order to check further its predictive capability, the
criterion was also compared to more discriminant experimental
data issued from loading conditions D. In order to take into account
the nonlinear damaging, high then low loading (HL) and low then
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Fig. 8. Fatigue life of SBR in terms of the difference between equivalent and
threshold stresses Seq  Sth calculated using Eq. (20).
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Fig. 9. Comparison between predicted and experimental fatigue life results (see
Table 2 for the signiﬁcation of test codes).
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urations lead to higher fatigue duration than HL ones. The results
are shown in Fig. 10. Again, it can be observed a quite good1.E+02
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Fig. 10. Comparison between predicted and experimental fatigue life results for
variable amplitude tests (see Table 3 for the signiﬁcation of test codes).agreement between the predicted and experimental values. Note
that in this case, the predictive values are conservative, so that
security is preserved when designing rubber components by using
our approach.6. Conclusion
In the present paper, using a CDM approach (Lemaitre and
Chaboche, 1994) coupled with the CED (Mars, 2001, 2002) a new
model for the fatigue life prediction of rubber-like materials under
multiaxial loading conditions was proposed. Inherent to its math-
ematical construction, the developed CDM/CEDmodel is both a cri-
terion and an accumulative damage model. Fatigue tests achieved
on the SBR material under constant and variable amplitude loading
conditions allowed to check the relevance of the model. A satisfac-
tory agreement was clearly pointed out. The predictive capability
of the model was improved by introducing a threshold value for
the equivalent stress corresponding to the endurance limit below
which the fatigue life is considered as unlimited.
Three damage parameters are required in the model in addition
to the constitutive law parameters. The parameters a and A are
determined by a simple linear regression method on tensile fatigue
tests and the parameter Sth is experimentally estimated under the
same loading condition. This makes this model as a very attractive
one, easy to implement in a FE code for designing more complex
structures.
It could be necessary in the future to include some speciﬁc
problems inherent to fatigue of rubbers such as self-heating which
could be different from a specimen geometry to another.Acknowledgement
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ing the SBR samples.Appendix A. Basic equations of CED concept
In the context of hyperelasticity, it seems natural to deﬁne the
increment of total SED dW as follows:
dW ¼ q
q0
SdE ðA:1Þ
where q/q0 is the ratio of the deformed mass density to the unde-
formed mass density (for an incompressible material this ratio is ta-
ken equal to 1), S is the second Piola–Kirchhoff stress tensor and E is
the Green–Lagrange strain tensor.
Mars (2001, 2002) reformulated for ﬁnite strains the increment
of CED dWc in the inﬁnitesimal strain framework as2:
dWc ¼ qq0
RTSdEC1R
RTC1R
ðA:2Þ
in which C is the right Cauchy–Green strain tensor, R is the unit vec-
tor in the undeformed conﬁguration deﬁned (in a plan problem) in
the following form: R = (cosh,sinh,0) where h is the crack orientation
angle. The cracking plan is generally perpendicular to the direction
of the maximum principal tensile strain.2 A mistake concerning the normal vector in the undeformed conﬁguration is
present in the formulation of Mars (2001, 2002) and Eq. (A.2) corresponds to the
formulation corrected by Zine (2006).
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for incompressible materials, can be written as follows:
F ¼ diag k1;Bk1;B1k21
 
ðA:3Þ
where B = k2/k1 is the biaxiality ratio deﬁned as the ratio between
the second and ﬁrst principal stretches.
In addition, the right Cauchy–Green strain tensor C and the
Green–Lagrange strain tensor E can be respectively expressed in
the following forms:
C ¼ FTF ¼ diag k21;B2k21;B2k41
 
E ¼ 1
2
ðC IÞ ¼ 1
2
diag k21  1;B2k21  1; B2k41  1
  ðA:4Þ
Using Eqs. (A.2), (A.3) and (A.4) the CED formulation can be general-
ized as:
dWc ¼ 12
d k21  1
 
cos2 hS1 þ d B
2k211ð Þ
B2
sin2 hS2
ðcos2 hþ B2 sin2 hÞ
ðA:5Þ
The crack orientation angle h used in our calculation is the one
which maximized the ratio Wc/W. Eq. (A.5) can be also reformu-
lated, in partial derivative form, as:
dWc ¼ @Wc
@k1
dk1 þ @Wc
@k2
dk2 þ @Wc
@k3
dk3 ðA:6Þ
where
@Wc
@k1
¼ k1S1 cos
2 h
cos2 hþ B2 sin2 h
@Wc
@k2
¼ Bk1S2 sin
2 h
cos2 hþ B2 sin2 h
@Wc
@k3
¼ B
3k41S2 sin
2 h
cos2 hþ B2 sin2 h
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